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Abstract

A radio k-labeling of a connected graph G is an assignment f of non
negative integers to the vertices of G such that

[f(@) = fW) =2 k+1—d=,y),

for any two vertices = and y, where d(z,y) is the distance between x and
y in G. The radio antipodal number is the minimum span of a radio
(diam(G) — 1)-labeling of G and the radio number is the minimum span
of a radio (diam(G))-labeling of G.

In this paper, the radio antipodal number and the radio number of the
hypercube are determined by using a generalization of binary Gray codes.

Keywords: graph labeling, radio antipodal number, radio number,
generalized binary Gray code.

1 Introduction

Let G be a connected graph and let k be an integer, k& > 1. The distance
between two vertices w and v of G is denoted by d(u,v) and the diameter of
G is denoted by diam(G). A radio k-labeling f of G is an assignment of non
negative integers to the vertices of G such that

[f(u) = f(0)| = k+ 1 —d(u,v),

for every two distinct vertices v and v of G. The span of the function f denoted
by rcg(f), is max{f(z) — f(y) : z,y € V(G)}. The radio k-chromatic number
rci(G) of G is the minimum span of all radio k-labelings of G.

Radio k-labelings were introduced by Chartrand et al. [1], motivated by
radio channel assignment problems with interference constraints. Quite few
results are known concerning radio k-labelings. The radio k-chromatic number
for paths was studied in [1], where lower and upper bounds were given. These
bounds have been improved in [8]. Radio k-labelings were also studied in relation
with the Cartesian product of graphs [7].



Radio k-labelings generalize many other graph labelings. A radio 1-labeling
is a proper vertex-colouring and rci(G) = x(G) — 1. For k = 2, the radio 2-
labeling problem corresponds to the well studied L(2,1)-labeling problem (see
for instance [6, 10] and references therein). Large values of k (close to the
diameter of the graph) were also considered for radio k-labelings.

For k = diam(G) — 1, a radio k-labeling is referred to as a (radio) antipodal
labeling, because only antipodal vertices can have the same label. The minimum
span of an antipodal labeling is called the (radio) antipodal number, denoted by
an(G). Radio antipodal labelings were first studied by Chartrand et al. in [1, 2]
where bounds for the antipodal number for path and cycles were given. In [3]
Chartrand et al., gave general bounds for the antipodal number of a graph. In
[9], the authors determined the exact value of the radio antipodal number of
paths. Recently, Justie and Liu have almost completely determined the radio
antipodal number of the cycle [12].

A radio k-labeling with k& = diam(G) is known as a radio labeling (or multi-
level distance labeling in [14]). The minimum span of a radio labeling is called
the radio number, denoted by rn(G). For paths and cycles, the radio number was
studied by Chartrand et al. [4] and by Zhang [16] and completely determined
by Liu and Zhu [14]. The radio number for square of paths and of cycles was
investigated by Liu and Xie [11, 13]. More recently, Liu have studied the radio
number of trees [15].

Notice that the authors of [1, 2, 3, 4] assume that the labels (colours) are
positive. However, when speaking about labelings in relation with frequency
assignment, it is more common to use non negative integers as labels. Thus the
notation of the present paper follows the terminology of [14, 11, 13, 12] in which
vertices are labelled by non negative integers.

The hypercube @, of dimension n has binary n-bit strings as vertex set,
two vertices being adjacent if the corresponding strings differ on exactly one
position.

Upper and lower bounds for the radio k-chromatic number of the hypercube
Q@ were given in [7].

Theorem 1 ([7]). For the hypercube Q,, of dimension n > 2 and for any k > 2,
2" —Dk—2""12n-3)+n—2<rci(Qn) < (2" —Dk—2""1 + 1.
Moreover, for k > 2n — 2,
rep(Qn) = (2" — 1)k — 2771 4 1.

However, these bounds are quite far from being optimal, specially when & is
close to the diameter of Q,,.

The aim of this paper is to determine the radio antipodal number and the
radio number of the hypercube @, by showing:

Theorem 2. For any positive integer n > 1,
n—1 n
an(@n) = 2" = D51 +e(n),

with e(n) =1 if n = 0 mod 4, e(n) = 0 otherwise.



Theorem 3. For any positive integer n > 1,

n+3
2
Example of minimal antipodal and radio labelings of )4 and Q5 are given in

Figure 1, showing that an(Q4) = 15, an(Qs) = 45, rn(Q4) = 29 and rn(Qs) =
61.

m(Qn) = (2" = 1f
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Figure 1: Optimal antipodal labelings (part (a) on the top) and radio labelings
(part (b) on the bottom) for Q4 and Q5.

The proofs of these theorems mainly rely on finding an ordering of the ver-
tices of Q,—1 with some prescribed distance (approximately half the diameter)
between successive vertices. This ordering is presented in Section 2 as a gen-
eralized binary Gray code since we find more convenient to use the Gray code
terminology. With this ordering in hand, we shall construct in Section 3 an
antipodal labeling and a radio labeling of the hypercube and we will show that
they are both optimal.

2 Generalized binary Gray codes

Define 0 =1 and 1 = 0.



Notation 1. For any two binary strings a = apay - - - Gp—1 and b = boby - - - by _1,
let

e |a| =n,

® a=ag a1 an_1,
e I(a)=ag a1 Gp_1,
o aLJ_er:a0a1-~-an,1b0b1-~-bnr,1.

The Hamming distance dp(a,b) between two n-bit strings a and b is the
number of bits in which they differ.

A binary Gray code is an ordered list of all the binary strings of length n
such that successive items have Hamming distance exactly one.

A Gray code therefore can be viewed as a Hamiltonian path (or cycle if the
code is circular, i.e. if the distance between the first and the last item of the
code is one) in the hypercube @,,.

There are many binary Gray codes. in the rest of this paper, we shall use
the binary reflected Gray code B,, [5] which can be constructed recursively :
B1 = (0,1) and to obtain B, list B,,—1 and next to it list B,,_; in reverse; then
prepend Os to the first half and 1s to the second half. Table 1 illustrates the
structure of this code.

00...0000
00...0001
00...0011
00...0010
00...0110
01...0001
01...0000
11...0000
11...0001
10...0110
10...0010
10...0011
10...0001
10...0000

Table 1: Structure of the Gray code B,

The elements of a list £ of ¢ items, will be numbered from 0 to ¢ — 1 and we
shall denote by £(4) the element number i, 0 < i < g — 1.

Now, we shall introduce two variation of Gray codes that we will use in the
next section.

Definition 1. A binary (n,{)-Gray code (quasi (n,£)- Gray code respectively)
is a listing of all the n-bit strings such that the Hamming distance between two



successive strings is exactly £ (£, except between the two items 2"~1 — 1 and
271 for which it is £ — 1 or £+ 1, respectively).

Remark that a binary (n, 1)-Gray code is a binary Gray code. An example
of a (5,3)-Gray code is given in Figure 2.

Remark 1. Notice that for even £, a (n,f)-Gray code cannot exist for parity
reason: if the list starts with a string containing an even number of 1s, as an
even number (£) of bits are changed between successive items, all the strings of
the code will have an even number of 1s. Thus we miss half of all the 2™ strings.
This is the reason why we define quasi (n,£)-Gray codes.

Lemma 1. Let n and ¢ be two positive integers. If n > ¢ then there exists a
quasi (n,£)-Gray code.

Proof. Let n,m and ¢ be three positive integers with n > ¢ and m =n — £+ 1.
Define the lists £; constructed by using two binary reflected Gray codes in
this way: for all 0 <3 <22 —1land 0 < j <27 —1,

Li(j) = B (j)WBe—1(i) if j is even,
T Ba(j)wB (i) if jis odd .

Thus, the Hamming distance between two successive items in each list £; is
¢and |L;(5)] =n.

We define the lists £; by £,(§) = I(L;(j)), for 0 < j<2™ —1land 0 <i <
272 — 1.

From the lists £; and £;, we construct two lists G} , and G2, (which are
partial (n, £)-Gray codes) in this way: for 0 <i <22 —1land 0 <j <2™ -1,

1 (iom | L;(5) if 7 is even,
2 = /
ne(i27 4 7) { L,((7+2) mod?2™) ifiisodd;
2 am . /( /) if 7 is even,
2 = i
Gne (127 +J) { Li((7+2) mod?2™) ifiisodd.
One can see that the last item in Q}L,é is g}h (2n1 1) = [:2@ »_4(1) and
the last of G2 , is 9572(2"_1 —1) = Lge-2_1(1).
Now, we show that the Hamming distance between any two successive items
in g}w or in ggl is /.
If the two successive items are in the same list £; (or E;), then they have

Hamming distance ¢ by definition of £; (or £;).
Otherwise, we consider two cases

- Between the item Q}L7£(2i2m +2m —1) = Ly(2™ — 1) and g}he((% +1)2™m) =
,CIQ1-+1(2), we have
Loi(2™ — 1) = Bpn(2™ —1)WBp_1(2) = 10..000 & Br_y (20),
Lo41(2) = I(Bn(2)WBr_1(2i+1) =10..011W By_1(2i + 1).
m (2™
1

i
By definition of the binary reflected Gray code, we have dg (B, (2™ -
1),I(Bm(2))) =2and dg(Be—1(2i), Bi—1(2i+1)) = 1. Hence dg (Be—
1)) = ¢ — 2 and we obtain

dp(L£24(2™ = 1), L34, (2) = L.

(21) Be—1(2i+



- Between the item G ,((2i+1)2"+2"—1) = Ly;,1(1) and the item G (24
2)2™) = L5;42(0). By definition we have

Loii(1) =I(Bn(1)WB—1(2i +1) =10..016B_1(2i + 1),
Loig2(0) =Bn(0)WB_1(2i+2)  =00..00 By_y(2i +2).

As for the previous case, we have dg(By—1(2t +1),B-1(2i +2)) = £ — 2
and dg (I(B,,(1), B,,,(0)) = 2. Thus

di(Lai41(1), Laira(0)) = L.

To prove that Q}L’e is a circular code, we check that the Hamming distance
between the first item G} ,(0) = Lo(0) and the last item G} ,(2"7' — 1) =

’

Ly—>_4(1)is £. We have

Lo(0) = B, (0) & By_1(0) = 00...00 & 00...0.
Loy (1) =IBn(1)wBe1(20-2-1) =10..01w101...1.

Hence, as dg (B, (0), [(B,(1))) = 2 and dg(Be—1(0),Be—1(2¢72 - 1)) = £ — 2
(since By—1(272 — 1) = 010...0), we obtain dp(Lo(0), Ly »_,(1)) = L.

For the list G2 ,, the same method can be used to prove that the Hamming
distance is ¢ for any two successive items.

Finally, we construct the quasi (n, £)-Gray code by setting:

G Gl ,(j) ifo<j<ont—1,
ne(J) = G2 ,((j+2) mod2"~l) if2n Tl <j<2m -1

Now, we prove that the Hamming distance between the item G, ((2" 1 —1) =
g ;
Gl , (21 —1) = Ly, (1) and the item G, »(2"1) = G2 ,(2) = L(2) is £ — 1:

Aswe have L, , (1) = I(By(1)WBe_1(26-2 — 1) and L(2) = I(Bn(2))w
By—1(0), then

A (Gn,e (2771 = 1),Gne(2"7Y)) = du(I(Bi(1)), 1(Bin(2))) + du (Be-1(2¢7% —
=1+/4-2=0—-1.
O
Lemma 2. For any n = 1 mod 4, there exists a (n, "TH)—Gmy code.

Proof. Let n = 4g + 1 for some ¢ > 1, £ = 2L = 2¢g 4+ 1 and let G, ,and G2,
as defined in the proof of Lemma 1 (for £ = 2¢g + 1). In that case, we construct
the (4g + 1,2q + 1)-Gray code by setting:

Gri(j) = ,0(7) ifo<j<2t—1,
e G2 ,((j+r) mod 2%) if 24 < j < 24+l 1,

with r = 1(22971 +1).

1)’ BZ—I(O))
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Figure 2: The (5,3)-Gray code Gs 3.

Now, we prove that the Hamming distance between the item Qn7g(24q -1)=
711/,4(24‘1 -1)= £22q,1_1(22q‘*‘1 — 1) and the item G, ,(217) = ,QM(T) = Ly(r) is
2q + 1: One can see that

’
2q+1 2q

and

Lo(r) = I(Bogi1(r) WBag(0) =1...101...1.
2q+1 2q

The fact that I(Byg41(r)) = 1...10, or equivalently, that Ba,(r) = 1...10
2q+1 2q
can be proved by induction on ¢: For ¢ = 1, we have B2(3) = 10. Suppose
that Bag(5(2%47! + 1)) = 1...10 for some ¢ > 1. By construction of the binary
reflected Gray code, we have By, 11(2"T! —j) = 1WB,,(j) for all 5,0 < j < 2" —1.
Then,

Lopgr_ (22771 — 1) = I(Bog41 (2277 — 1)) W Bag(229-1 —1) =10...01101...1,



1 1
Bogy1(227T! — g(22‘1“ +1)=1w 13’2(,(5(2%+1 +1))=1...10.

Hence,

1 1
Bogio(22972 2201 4 5(22‘1+1 +1)) = 16 By (2271 — g(224+1 +1))=1...10.

Since 220+2 —22a+1 4 L(920+1 4 1) = 9241 4 L9201 4 1) = %(22(q+1)+1 1),
we have shown that Bagio(3 (22D +1)) =1...10.
Consequently,

’

di(Lyzg1_1 (227 — 1), Lo(r)) = 2¢ + 1.
O

The construction of a (5, 3)-Gray code is illustrated in Figure 2.

To end this section, we want to mention that it seems possible to construct
a (n,£)-Gray code for any n > 1 and any odd ¢ < n, but we did not try to go
further in this direction since quasi (n, ¢)-Gray codes are sufficient for us when
n % 1 mod 4.

3 The radio antipodal and radio numbers of the
hypercube
We begin by showing a lower bound for the radio k-chromatic number of the

hypercube. The argument is similar with the one used by Liu and Justie [12]
for obtaining a lower bound on the radio antipodal number of the cycle.

Lemma 3. For any three vertices x, y and z of the hypercube @,
d(z,y) + d(y, z) + d(z, z) < 2n.

Moreover, if y =T then
d(z,y) + d(y, z) + d(z, z) = 2n.

Proof. The first inequality easily follows from the fact that for a given index
1,0 < i < n —1, any three binary n-bit strings have at most 2 bits in common
on that index 1.

If y = Z, then one can see that d(x,y) = n and d(y, z) + d(z,2z) = n. O

Proposition 1. For any positive integer n,

3k—2n+3
2
Proof. Let f be a radio k-labeling of @, and xg,x1,...,%2n_1 be an ordering
of the vertices such that f(x;11) > f(x;), 0 <i< 2™ — 2.
By definition, we have

f(@iv2) = f(xit1) >k +1—d(@ite, Tit1),
J(wiyr) — f(xs) >k+1—d(wi, i), (1)
f(@ige) = flzi) = k+1—d(@ipa, @)

rep(Qn) > (2" = 1)] 1+k—n+1.



Summing up these three inequalities and using Lemma 3, we obtain :
2f(wive)=2f (i) = 3k+3—d(wita, Tit1) —d(Tit1, i) —d(Tiv2, ;) > 3k+3—2n,

and thus 3k4 39
—2n
f(wiy) — f(xi) > (#] (2)

By applying for all values of i, 0 < i < 2™ — 3, we obtain

2" —3

1;) (f(l“i+2) - f(l”i)) go
>’y

("3k+3 2n‘|> o

[3k+3 2n '|

f(xan—1) + f(w2n—2) — f(z1) — f(=0)

Thus, assuming f(z¢) = 0 and since f(xgn_2) < f(zon_1)—k—1+d(xon_o,Ton_1)
and f(z1) > f(zo) + k+ 1 — d(x1,20), we get

3k+3—2n

2f($2n71) 2 (2n - 2)( 2

~| +2k+2— d(.’L‘hxo) - d(ﬁgn,g,{l}gn,l).

Consequently, as d(z1, zg) < n and d(xan_2,Tan 1) < n, we obtain 2f(zron_1) >
(2 — 2)[3EE3=2n] 4 9k — 2n + 2.
Therefore,

3k—2n+3

reg(Qn) > (271 = 1)[ 5

1+k—n+1.

3.1 The radio antipodal number

In this section, we prove Theorem 2 by showing a lower bound and a upper
bound that are equal.

Theorem 4. For any positive integer n,
n—1 n
an(Qu) > (2" = [T +e(n),

with e(n) =1 if n = 0 mod 4, e(n) = 0 otherwise.
Proof. Using Proposition 1 with & = diam(Q,,) — 1 =n — 1, we obtain

n

an(Qy) > (2"~ 1)[3].

Now, for n = 0 mod 4, we show that an(Q,) > (2"~' — 1)[%] + 1. Let
f be a radio antipodal labeling of @, and xg,x1,...,xon_1 be an ordering of
the vertices such that f(z;y+1) > f(x;), 0 < i < 2™ — 2. By contradiction,
assume that an(Q,) = (2"~' — 1)[%]. Then the inequalities (1) and (2) in
proof of Proposition 1 must become equalities and we must have d(z1,z¢) =
d(ifznfg,xgn,l) =nNn.

By Lemma 3, as x; = Zg, then d(zz,21) = d(x2,70) = § since f(x2) —
f(wo) = § = n—d(x2,70). By combining the equalities (1) for i = 1, we obtain



d(x3,z2) = n and thus, by Lemma 3, d(x4,3) = d(x4,22) = 5. Applying this

for all 4,2 < i < 2" —3, we can see that d(z2;,72;-1) = § and d(z2i11,72;) = 5,

0 <4< 2" ! —1. Such an ordering of the vertices of Q,, is equivalent to a
n

(n — 1, §)-Gray code, which does not exist since 7 is even (as we have seen in

Remark 1), thus a contradiction. O

Theorem 5. For any positive integer n > 1,
n—1 n
an(Qu) < (2" = 1[5 +<(n),

with e(n) =1 if n =0mod 4, (n) = 0 otherwise.

Proof. Let QL _; and Q2 _, be respectively the two sub-hypercubes of @, in-
duced by the strings with a 0 on the left (1 on the left, respectively).

Let 29,1, 2,...,Ton-1_1 be the ordering of the vertices of QL _; induced
by a (quasi if n # 2 mod 4) (n —1, [ §])-Gray code G, 1 = (such a code exists
by Lemma 1 and Lemma 2): 2; =08 G, 1 2(),0 <i<2" — 1.

Let y; =7; = 1W gn_l’L%J(i),O <4< 2™ —1. Hence yo, Y1, Y2, - - -, Yan-1_1
is an ordering of the vertices Q2_; induced by a (n — 1, | % |)-Gray code.

We consider two cases depending on whether n is even or odd.

Case 1. n=2p+1is odd, for some p > 1.
We define a labeling function f on Q2p41 as follows

f(z0) =0,
f(@ig1) = flz) +p+1 0<i<22P -2
fyi) = f(@i), 0<i<2? 1.

Then the two vertices x92»_1 and ys2» 1 have the maximum label :

22P_1

f(@aze_1) = f(yoze_1) = Z (p+1) =" -1p+1).

i=1

Now, we show that the distance condition is verified for any two vertices a
and b of QQ2p+1. We distinguish two cases:

Subcase 1.1 The two vertices are both in @3, (or in Q3,, because we

have d(z;, z;) = d(yi, y;), f(zi) = f(y:) and f(z;) = f(y;)): assume a = z; and
b= x;, with ¢ > j. Then

|f(zi) = f(x)] = diam(Q2py1) — d(wi, 25) <
If(zj) + (@ —7)+1) = flz;)] =>2p+1—d(z, ;) <
(i=3)p+1) >2p+1—d(@, ;).

If i > 7+ 1, then the inequality is clearly satisfied and if i = j + 1, it is also
satisfied since d(z;,z;1+1) > p.

10



Subcase 1.2 The vertex a = z; is in Q3, and the vertex b = y; is in Q3.
As y; = T;, then we have d(z;,y;) = 2p + 1 — d(z;, ;). Thus,

|f(zi) — fy;)| = diam(Qap+1) — d(z4,Y5) <

|f(zi) = flx)] =2p+1—(2p+1—d(xiz;) &

|f(@i) = fz)] > d(s,25) &
(i—j)p+1) >d(ziz))

If i = j+ 1, then d(z;,z;) < p+ 1. Hence the inequality is satisfied. If
i > j+1, then d(z;,z;) < 2p. Thus, we obtain (i — j)(p+1) > 2p which is true
for any p > 1 and any i > j + 1.

Consequently, f is an antipodal labeling of Q2,41 and

an(Qapi1) < (2 = 1)(p+1).

Case 2. n = 2p is even, for some p > 1.
We define a labeling function f on @), as follows

f(ffo) = 07
flxip1) = f(x) +p, with 0 <4 <2271 — 2§ £227=2 _1if p =0 mod 2,
f(x22p72> = f(x22p72_1) +p+1, if p=0mod 2,
f(yi) = f(w3), 0<i<2?P i1
Then the two vertices xg2p—1_1 and y2s—1_1 have the maximum label : If
2%P 1
p = 0mod 2, then f(z92r-1_1) = f(ygzo-1_1) =1+ > (p) = 2% —1)p+1
i=1
22 _1
and if p = 1 mod 2, then f(2o2p-1_1) = f(yazr-1_1) = . (p) = (227 — 1)p.
i=1

The fact that f is an antipodal labeling can be shown as for the previous
case. Consequently,

an(Qqp) < (2771 — 1)p+&(2p),

with e(n) = 1 if n = 0 mod 4, e(n) = 0 otherwise. O

3.2 The radio number

In this section, we prove Theorem 3 presented in the introduction, which we
recall below:

Theorem 6. For any positive integer n > 1,

n—+3

m(@a) = (2" -

T+1.

Proof. The fact that r(Q,) > (2"~* — 1)[2£2] + 1 is a direct consequence of
Proposition 1 for k = diam(Q,) = n.

Now, to show that rn(Q,) < (2! — 1)[243] + 1, we use the same order-
ing xg,x1,%2,...,%on-1_1 and Yo, Y1, Y2, .-, Yan—1_1 of @, used in the proof of
Theorem 5.

11



We define a labeling function f on @, as follows :

f(zo) =0, ‘
f(ﬁUH-l) = f(l‘z) + (HTH‘I’ 0<i< gn—1 _ 2,
flyi) = f2i) + 1, 0O<i<on -1,

Then the vertex yon—1_1 has the maximum label :

n—+3
2

flyan—11) = flagna) +1= (2" = 1)f I+1
As for the radio antipodal number, to show that the distance condition is
verified for any two vertices a and b of (),,, we distinguish two cases:

1

Case 1. The two vertices are both in QL _; (or in Q% _,): assume a = ;

and b = x;, with ¢ > 7. Then

|f(zi) = f(xy)] > diam(Qn) + 1 — d(zs, 75)
| >n+1-—d(z, ;)
nE3) > n+1—d(wy,x;).

=
=

If i > j + 1, then the inequality is clearly satisfied and if ¢ = j + 1, it is also
satisfied since d(zj, z;41) > [ 5]

Case 2. The vertex a = x; is in Q}, and the vertex b = y; is in Q2. As,
y; = T; then we have d(z;,y;) = n — d(z;, z;) Thus,

|f(zi) = f(y;)] = diam(@Qn) + 1 —d(zi,y;)
[f(@i) = f(z;)] 2n+1-(n—d(xiz;) <
|f(i) = f(zy)] =1+ d(wi, 25) =
(i =2 =1+ d(w,z ).
If i = j+ 1, then d(z;,2;) < [§] + 1. Hence the inequality is satisfied. If

i > j+ 1, then d(z;,z;) < n — 1. Thus, we obtain (i — j)[23] > n which is
true for any ¢ > j + 1.

Consequently, f is a radio labeling of @,, and rn(Q,) < (27! —1)[ 23]+ 1.

O
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